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Abstract

Column Generation (CG) is an effective and iterative algo-
rithm to solve large-scale linear programs (LP). During each
CG iteration, new columns are added to improve the solution
of the LP. Typically, CG greedily selects one column with
the most negative reduced cost, which can be improved by
adding more columns at once. However, selecting all columns
with negative reduced costs would lead to the addition of
redundant columns that do not improve the objective value.
Therefore, selecting the appropriate columns to add is still
an open problem and previous machine-learning-based ap-
proaches for CG only add a constant quantity of columns per
iteration due to the state-space explosion problem. To address
this, we propose Fast Family Column Generation (FFCG) —
a novel reinforcement-learning-based CG that selects a vari-
able number of columns as needed in an iteration. Specifi-
cally, we formulate the column selection problem in CG as an
MDP and design a reward metric that balances both the con-
vergence speed and the number of redundant columns. In our
experiments, FFCG converges faster on the common bench-
marks and reduces the number of CG iterations by 77.1% for
Cutting Stock Problem (CSP) and 84.8% for Vehicle Routing
Problem with Time Windows (VRPTW), and a 71.4% reduc-
tion in computing time for CSP and 84.0% for VRPTW on
average compared to several state-of-the-art baselines.

1 Introduction
In many real-world applications, the successful solution
of large-scale Mixed-Integer Linear Programming (MILP)
problems requires solving Linear Programming (LP) relax-
ations that have a huge number of variables. For example,
in the Cutting Stock Problem (CSP) with a length of n, each
integer variable represents the number of times a cutting pat-
tern is used, and there are exponentially many (2n) cutting
patterns. However, LP involving a large number of variables
(i.e., columns) often cannot be handled at once by the solver.
To address this, Gilmore and Gomory (1961) proposed an it-
erative algorithm, called Column Generation (CG), which is
widely used to solve large-scale LPs. Specifically, CG starts
by solving a Restricted Master Problem (RMP) with a subset
of columns and gradually includes new columns, which can
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improve the solution of the current RMP, by solving a pric-
ing subproblem (SP). When no more columns with negative
reduced cost are found, CG will provably converge to an
optimal solution to the LP. In practice, CG is often used by
LP relaxation solvers in the branch-and-price algorithm (De-
saulniers, Desrosiers, and Solomon 2005) for large MILP.

Here, we focus on how to select columns in each itera-
tion efficiently and speed up the convergence of CG. Typ-
ically, CG greedily selects a single column with the most
negative reduced cost, which can be sped up by adding mul-
tiple columns at once (Desaulniers, Desrosiers, and Solomon
2002). To distinguish from single-column selection, we re-
fer to CG with multi-column selection as Family Column
Generation (FCG). Unfortunately, adding multiple columns
raises another issue: if CG greedily selects all columns with
negative reduced costs, many redundant columns that do
not improve the objective value will be selected, which in-
creases the computing time. Therefore, how to 1) identify the
most effective columns and 2) decide the appropriate column
number are keys to the performance of FCG.

In the last few years, researchers have become increas-
ingly interested in machine learning methods for mathemat-
ical optimization including large LPs (Bengio, Lodi, and
Prouvost 2021). Most related to our work, Chi et al. (2022)
proposed the first Reinforcement Learning (RL) framework
for CG, modeling column selection as a Markov Decision
Process (MDP). Recently, Yuan, Fang, and Song (2024)
devised a multiple-column selection strategy based on RL
for CG. Specifically, they limited the action space size by
adding only a fixed number of columns per CG iteration.
Note that the action space grows exponentially when all
possible combinations of candidate columns are considered.
Most importantly, when multiple columns are added, the
contribution of each column towards convergence varies
with the combination of columns in different phases of CG.
Thus, it is essential to efficiently select the best combination
of columns from candidates at each CG iteration to avoid in-
creasing computational overhead with redundant columns.
This raises the issue of the so-called credit assignment for
columns, which pertains to determining the contribution of
each column toward CG convergence.

To address the aforementioned challenges, we propose a
novel Fast Family Column Generation, named FFCG. Our
main contributions are summarized as follows:
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• Fast multiple-column selection in an iteration: We
propose a novel RL-based family column generation,
which selects a variable number of columns in an iter-
ation. In each time slot, the size of the action space is re-
duced from O(2n) to O(n2). We show that FFCG offers
better tradeoffs between speeding up the convergence of
CG and reducing the total computational time.

• Reward design and analysis: To address the credit as-
signment problem for columns, we carefully design the
reward function and evaluate the contribution of each col-
umn in each iteration. We also analyze how this design
helps FFCG reduce unnecessary computing expenses.

• Substantial improvements over baselines: We evalu-
ate FFCG using the common benchmarks for CSP and
VRPTW. In our experiments, FFCG converges faster on
the benchmarks and reduces the total computing time by
71.4% and 84.0% on average compared to several state-
of-the-art methods for CSP and VRPTW.

The rest of the paper is organized as follows. Firstly, we
briefly review previous research on this topic. Subsequently,
we present both the standard and RL-based CG methods to
solve large LPs. Then, we propose our FFCG framework,
which encompasses formulation, analysis, training, and exe-
cution. Finally, we assess the effectiveness of FFCG on CSP
and VRPTW, in comparison to the baseline approaches, fol-
lowed by our conclusion and discussion.

2 Related Work
In this section, we review the acceleration methods for CG,
with a focus on recent advancements in ML-based CG.

2.1 Acceleration Methods for Column Generation
To speed up CG, one method is to add multiple columns in-
stead of just one with the most negative reduced cost. Gof-
fin and Vial (2000) showed that the convergence process
can be sped up by selecting non-correlated columns. Then,
two practical strategies were proposed for selecting multiple
columns (Touati, Létocart, and Nagih 2010). These strate-
gies were designed to increase the diversity of the selected
columns. However, there is no perfect strategy for selecting
columns that can minimize the number of iterations for CG
while also considering computing costs.

Another approach is dual stabilization, which aims to
formulate a better pricing subproblem as the pricing sub-
problem is a bottleneck for computing time. Ben Amor,
Desrosiers, and Valério de Carvalho (2006) studied the use
of two types of Dual-Optimal Inequalities (DOI) to acceler-
ate and stabilize the whole convergence process, followed
by Gschwind and Irnich (2016); Václavı́k et al. (2018);
Yarkony et al. (2020); Haghani, Contardo, and Yarkony
(2022). We note that our column selection strategy does
not conflict with dual stabilization techniques, heuristic, and
meta-heuristic methods. They can be used synergistically for
further improvement (Yuan et al. 2021; Shen et al. 2024).

2.2 Machine-Learning-based Column Generation
Except for the previously mentioned RLCG (Chi et al.
2022), Morabit, Desaulniers, and Lodi (2021) proposed

machine-learning-based column selection to accelerate CG.
The approach applies a learned model to select a subset
of columns generated at each iteration of CG. It reduces
the computing time spent reoptimizing the RMP at each it-
eration by selecting the most promising columns. Babaki,
Jena, and Charlin (2022) formulated the task of choosing
one of the columns to be included in the RMP as a con-
textual MDP. They proposed and explored several architec-
tures for improving the convergence of the CG algorithm us-
ing deep learning. However, it also only adds one column at
each iteration. Recently, Yuan, Fang, and Song (2024) pro-
posed the first RL-based multiple-column selection strategy
for CG, which selects k columns from the pool of n can-
didate columns generated by the SP. In this approach, k re-
mains fixed. However, selecting more columns in the early
stage and fewer columns in the later stage helps to expedite
the convergence of CG.

3 Background
In this section, we first provide an overview of the standard
CG algorithm and then briefly describe the RLCG method.

3.1 Column Generation in LP
Let us consider the following generic Linear Program (LP),
called the Master Problem (MP):

min
∑

p∈P
cpθp (1)

subject to ∑
p∈P

apθp = b; θp ≥ 0, ∀p ∈ P (2)

where P is the index set of variables θp; cp ∈ R and
ap ∈ Rm are the cost coefficient and constraint coefficient
vector of θp, respectively; and b ∈ Rm is the right-hand-
side vector of the constraints. We assume that the number of
variables θp is very large and the set of objects associated
with these variables can be implicitly modeled as solutions
of an optimization problem.

The standard CG proceeds to solve this MP as follows.
In each iteration of CG, the RMP that considers a subset
Ω ⊆ P of the columns is solved first. It yields a primal
solution x (assuming that θp = 0, ∀p ∈ Ω\P ) and a dual so-
lution given by the dual values π ∈ Rm associated with the
constraints. Next, the dual solution is used to identify new
negative reduced cost variables θp, by solving the following
pricing subproblem:

c̄ = min
p∈P

{
cp − πTap

}
(3)

If negative reduced cost columns are found, we append them
in Ω to the RMP, and the entire procedure is iterated. Oth-
erwise, CG stops since π is an optimal dual solution to the
original problem and together with the optimal primal solu-
tion to the RMP, i.e., we have an optimal primal/dual pair.

For some problems, the search for negative reduced cost
columns can be distributed across several SPs. When the
RMP includes too many columns after several iterations,
columns with large reduced cost can be removed.
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3.2 Reinforcement Learning for CG (RLCG)
RLCG (Chi et al. 2022) formulates CG as an MDP, denoted
as (S,A, T , r, γ), where: S is the state space,A is the action
space, T : S × S × A → [0, 1], (s′, s, a) 7→ P(s′|s, a) the
transition function, r : S ×S ×A → R the reward function,
and γ ∈ (0, 1) the discount factor.

At a high level, the method works as follows. The SP is
solved at each iteration and a set of near-optimal column
candidates G is returned, which is a general feature of opti-
mization solvers such as Gurobi (Gurobi Optimization, LLC
2024). RLCG selects a column from G according to the Q-
function learned by the RL agent. The RL agent is fused
within the CG loop and actively selects the column to be
added to the next iteration using the information extracted
from the current RMP and SP.

The state S is represented by the bipartite graph of the cur-
rent CG iteration from the RMP and the candidate columns
from the SP. As shown in the left part of Figure 1, the RMPs
are encoded using bipartite graphs with columns (variables)
nodes (v) and constraint nodes (c) (Gasse et al. 2019). The
edge between v and c in the graph indicates the contribu-
tion of a column v to a constraint c. Note that each node is
characterized by its feature vector. Each action in the action
set G represents a candidate column (green node). The RL
agent selects one column (action) a to add to the RMP for
the next iteration from the candidate columns set G returned
from the current iteration SP. Transitions are deterministic.
After selecting an action from the current candidate set G,
the selected column enters the basis in the next RMP itera-
tion. The detailed definition of the reward function is given
by Chi et al. (2022). A GNN is used as a Q-function approx-
imator, trained with experience replay (Mnih et al. 2015).

4 FFCG Framework
Here, we propose our FFCG framework. At a high level,
FFCG works very similar to RLCG. At each iteration, we
solve the RMP to obtain dual values and use the dual val-
ues to update the SP objective function. Then, the SP is
solved. We define a solution gap for the worst-case candi-
date column, ensuring that its reduced cost remains close to
the optimal value, thus making it a near-optimal candidate
for selection. Subsequently, the set of candidate columns G
is returned. With G and the context S in the bipartite graph,
it selects a set of columns C to be added to the next itera-
tion. This is the key difference from RLCG where only a
single column is selected. While no column with negative
reduced cost exists, it stops and the optimal solution is re-
turned. Now, there are two key challenges: 1) how to select
effective columns from the candidates and 2) when to stop
column selection.

4.1 MDP Formulation
To formulate FCG as an MDP, a candidate column ai,t in
each CG iteration is called an available action. Let the candi-
date columns in the tth CG iteration Gt = {a1,t, . . . , a|Gt|,t}
be the set of available actions in the time slot t. Note that
this formulation captures the volatile actions: action sets Gt,
∀ 0 < t ≤ T (and their size) in different time slots can

be different from each other. For each available action ai,t,
its context (side information) can be observed. Let Rt(Ct)
be the quality of the selected column set Ct (the reward of
choosing Ct based on the observed context St in time slot t).
Given the available actions Gt to choose from in each time
slot, our objective is to pick a subset of actions Ct ⊆ Gt to
maximize the total reward.

At each iteration (time slot), SP returns a set of columns
Gt with negative reduced costs. Then every possible combi-
nation of candidate columns can be returned as Ct. In other
words, in each iteration, the RL agent can select one or more
columns to be added to the next iteration. For example, as
shown in the left-hand side of Figure 1, the set of available
columns (the green column nodes) is Gt = {v4, v5, v6, v7},
and the set of available Ct is P(Gt)\{∅}, where P(Gt) is the
power set of Gt. Although adding more columns can reduce
the total number of iterations, it also increases the computing
costs. Therefore, the RL agent should learn to select the most
effective columns set C∗t , balancing both speed and costs.

In what follows, we will describe how to select a subset
of columns Ct ⊆ Gt based on the context S.

4.2 Column Selection
To avoid the exponential growth in the action space, we se-
lect the candidate columns one by one. In other words, we
turn the factored action space into a sequential choice, in-
spired by Wen et al. (2022), and only one column is selected
in each turn. Note that this is similar to the local search in
the huge action space, where a move in each dimension is
decided at a time. Although it has no guarantee to select the
optimal combination, this simple strategy performs well in
practice given a good marginal value, as shown later in our
experiments. Moreover, it significantly reduces the action
space considered in RL. There are O(|Gt|) actions in each
step, and the number of steps in each time slot is O(|Gt|).
Thus, the action space size of FFCG is O(|Gt|2), while the
action space size of RLCG is O(2|Gt|). In addition, we add
the STOP action (a blank column) to the action space for
convenience. When the STOP action is selected, the column
selection is stopped and the selected columns are returned.

Algorithm 1 outlines the main procedure utilized by the
RL agent to make its selection of suggested columns. Firstly,
the agent gets the expected marginal Q-value Q̂∆,t of each
action (select a candidate column). The action with the
greatest expected marginal Q-value would be added greed-
ily in the suggested columns set Ct. Then, the STOP action
is added to the action space Gt, and the last selected action
is removed. We repeat the above steps until the STOP action
selected. In the end, the STOP action (a blank column) is
removed from Ct and the suggested columns set is returned.

To learn the marginal Q-value, the key challenge is how
to approximately compute the expected marginal reward.

4.3 Reward Design
For given suggested columns Ct, we design the reward func-
tion consisting of two components: 1) the change in the
RMP objective value, where a bigger decrease in value is
preferred; and 2) the penalty for redundant columns, which
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Figure 1: Column Selection in FFCG: First, the available action set is G = {v4, v5, v6, v7} (green node), and the RL agent
selects v4 (the selected node is orange). Then, a new available action STOP (blue node), which means stop column selection
and return the selected columns, is added to action space G − {v4}. The RL agent repeatedly updates the state and selects from
the remaining actions until the action STOP is selected. Finally, the suggested columns set C = {v4, v6, v7} is returned.

Algorithm 1: Column Selection
Input: Actions set G, and context S
Output: Suggested columns set C

1: C ← ∅, k ← 0
2: Q̂∆ ← MarginalQValueApproximator(G, C, S)
3: ak ← argmaxa∈G Q̂∆(C ∪ {a}, a)
4: C ← C ∪ {ak} ▷ Select a column
5: G ← (G − {ak}) ∪ {STOP} ▷ Add STOP action
6: S ← UpdateContext(G, C, S)
7: k ← k + 1
8: while STOP is not selected do
9: Q̂∆ ← MarginalQValueApproximator(G, C, S)

10: ak ← argmaxa∈G Q̂∆(C ∪ {a}, a)
11: C ← C ∪ {ak} ▷ Select a column
12: G ← G − {ak}
13: S ← UpdateContext(G, C, S)
14: k ← k + 1
15: end while
16: return C ← C − {STOP}

are no improvements to the objective value. Together, they
incentivize the RL agent to converge faster and avoid select-
ing redundant columns.

Specifically, the reward of a subset of columns Ct at time
slot t is defined as:

Rt(Ct) ≜ α

(
objt−1 − objt

obj0

)
− β|Ct − C′t| (4)

where obj0 is the objective value of the RMP in the first
CG iteration, which is used to normalize the objective value
change (objt−1−objt) across instances of various sizes; α is
a non-negative hyperparameter that weighs the normalized
objective value change in the reward; C′t ⊆ Ct is the opti-
mal subset of Ct, in which all columns make improvement
to the RMP objective value; |Ct − C′t| counts the number of
redundant columns that are in Ct but not in C′t; β is a non-

negative hyperparameter that weighs the penalty of select-
ing redundant columns. Increasing the values of parameters
α will enable the RL agent to choose more columns. On the
other hand, a higher value of β will prevent the RL agent
from selecting too many unnecessary columns.

Marginal rewards. Note that the aforementioned reward
is the total reward of the suggested columns Ct. However, the
total rewards achieved by selected columns are not a sim-
ple sum of individual rewards but demonstrate a feature of
diminishing returns determined by the relations between se-
lected columns (e.g. relevance and redundancy) (Chen, Xu,
and Lu 2018). In Algorithm 1, we only use the marginal Q-
value of each column instead of the total Q-value to form Ct.
To this end, we must assign the credit to each column and
compute the marginal reward of an individual column.

Here, we denote the marginal reward of an individual col-
umn a (a ∈ Ct) to a set Ct by

r∆,t(Ct, a) ≜ Rt(Ct)−Rt(Ct − {a}) (5)

For redundant columns that do not improve the CG conver-
gence (a /∈ C′t), the marginal reward of them is −β. For
effective columns (a ∈ C′t), the contribution weight of each
column a is

ϕt(Ct, a) ≜
r∆,t(Ct, a)∑

a′∈C′
t
r∆,t(Ct, a′)

(6)

Now, the reward of each column is proportional to its
marginal reward. Thus, the reward of an individual column
a (a ∈ Ct) in time slot t is

r∆,t(Ct, a) =
{

ϕt(Ct, a)Robj
t (Ct) a ∈ C′t,

−β a /∈ C′t.
(7)

where the term Robj
t (Ct) = α( objt−1−objt

obj0
) denotes the total

contribution of all effective columns a ∈ C′t to the objective
value change, i.e., Rt(Ct) without the second term.
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Algorithm 2: FFCG Training and Execution
Input: Problems {pi}Mi=1 and hyperparameters α, β
Output: Q function approximator Q̂∗ at training time or op-
timal solutions at execution time

1: if at training time then
2: Initialize replay memory D to capacity N

3: Initialize Q function approximator Q̂ with random
weights θ and target Q̂∗ with weights θ− = θ

4: end if
5: for i← 1 to M do
6: t← 0
7: RMP0 ← Initialize(pi)
8: Solve RMP0 to get dual values
9: Use dual values to construct SP0

10: G0 ← GetCandidateColumns(RMP0, SP0)
11: while CG algorithm has not converged (Gt ̸= ∅) do
12: St ← Context(RMPt, SPt,Gt)
13: Ct ← ColumnSelection(Gt, St) ▷ Select columns
14: if at training time and with probability ϵ then
15: Select a random subset Ct from Gt instead
16: end if
17: Add columns in Ct to RMPt and get RMPt+1

18: if at training time then
19: Observe reward Rt(Ct) and r∆,t(Ct, a) ∀a ∈ Ct
20: Store transition (RMPt, Ct, rt, RMPt+1) in D
21: (RMPj , Cj , rj , RMPj+1) ← Sample random

minibatch of transitions from D
22: Perform a gradient descent step w.r.t network pa-

rameters θ on [Q∆,t(Ct, a)− Q̂∗
∆,t(Ct, a)]2

23: Reset Q̂∗ ← Q̂ in every C steps
24: end if
25: Solve RMPt+1 to get dual values
26: Use dual values to build SPt+1

27: t← t+ 1
28: Gt ← GetCandidateColumns(RMPt, SPt)
29: end while
30: if at execution time then
31: return Optimal solutions from RMPt, SPt

32: end if
33: end for
34: if at training time then
35: return Trained Q function approximator Q̂∗

36: end if

For the STOP action, the reward is 0 because it does not
improve the convergence of CG and does not increase un-
necessary computing expenses. For the unselected action
a ∈ Gt−Ct, if it should be selected (r∆,t(Ct ∪{a}, a) > 0),
then the reward is β, otherwise the reward is −β.

4.4 Training and Execution
Theoretically, given the total reward Rt(Ct), we can enumer-
ate all possible Ct ⊆ Gt and select the best one. However,
this brute-force method is not scalable because the num-
ber of Ct grows exponentially with the number of candidate
columns. Therefore, we compute the marginal Q-value of an

individual column Q∆,t based on Rt(Ct), and select the sug-
gested columns as shown in Algorithm 1. This is more prac-
tical in terms of the computational costs. Unfortunately, the
total reward Rt(Ct) depends on objt and C′t both of which
are unknown before column selection. Therefore, we train
a marginal Q-value approximator Q̂ for Q∆,t with experi-
ence replay (Mnih et al. 2015). This is done by minimizing
the mean squared loss between Q∆,t(Ct, a) and Q̂∆,t(Ct, a).
The FFCG training and execution is shown in Algorithm 2.

Specifically, at the training time, we use a ϵ-greedy strat-
egy to select columns and compute r∆,t(Ct, a) based on
Rt(Ct) after observing objt and C′t. Then, we perform a gra-
dient descent step to update the network parameters θ of the
marginal Q-value approximator. During execution, we use
the RL agent with the marginal Q-value approximator to se-
lect columns according to Algorithm 1. After that, the CG
proceeds to the next iteration until it converges.

Note that the key difference between Algorithm 2 and
RLCG is the column selection policy. It is replaced by our
polynomial-time multiple-column selection algorithm (Al-
gorithm 1) to accelerate CG. The way we train the marginal
Q-value approximator is similar to DQN (Mnih et al. 2015)
that RLCG uses to learn the Q-function. To some extent,
RLCG can be viewed as a special case of our method, when
we only select one column in Algorithm 1. Compared to
RLCG, the major improvements in our approach are the to-
tal and marginal reward design and the selection strategy for
multiple columns.

5 Experiments
We evaluate our proposed FFCG on two sets of problems:
the CSP and the VRPTW. Both problems are well-known
for the linear relaxation effectively solved using CG. Exper-
imental results demonstrate that FFCG outperforms several
widely used single-column selection strategies and multiple-
column selection strategies. Furthermore, we analyze how
FFCG speeds up CG convergence.

5.1 Experimental Tasks
Cutting Stock Problem. The CSP revolves around effi-
ciently dividing standard-sized stock materials, like paper
rolls or sheet metal, into specified sizes while minimizing
the surplus material that goes to waste. Computationally, it
delves into NP-hard territory and can be reduced to the knap-
sack problem. Given the combinatorial intricacy inherent in
the CSP and its formidable array of potential patterns (vari-
ables), the CG technique emerges as a pragmatic solution.
It adeptly addresses the LP relaxation of the CSP through
an iterative approach, bypassing the exhaustive enumeration
of all feasible patterns. The detailed formulation is given in
Appendix A.

Vehicle Routing Problem with Time Windows. The Ve-
hicle Routing Problem (VRP) involves finding a set of
minimum-cost vehicle routes, originating and terminating
at a central depot, that together cover a set of customers
with known demands. Each customer has a given demand
and is serviced exactly once, and all the customers must be
assigned to vehicles without exceeding vehicle capacities.
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Strategy n = 50 n = 200 n = 750 n = 1000
#Itr Time #Itr Time #Itr Time #Itr Time

Greedy-S 53.10 4.19 147.30 9.47 222.20 16.96 386.14 67.34
MLCG-S 43.48 5.10 145.74 21.78 232.93 31.93 295.09 70.89
RLCG-S 43.21 3.76 152.80 8.77 237.67 16.10 300.86 46.88

Greedy-M 11.80 1.34 35.15 2.69 51.13 5.38 66.45 11.51
RLMCS-M 13.87 1.69 45.67 5.59 71.33 12.93 86.50 17.80

FFCG (Ours) 11.81 1.30 38.57 2.51 56.27 4.50 78.86 9.65

Table 1: Experimental results on CSP with different size n. It reports the average number of iterations per instance, and the total
runtime in seconds (lower is better).

VRPTW is a variation of the VRP where the service at any
customer must be started within a given time interval, called
a time window. The detailed formulation of VRPTW is given
in Appendix B. We use the well-known Solomon benchmark
(Solomon 1987) for training and testing. The dataset gener-
ation and division are described in Appendix F.

5.2 Hyperparameter Configuration
We meticulously fine-tune the central hyperparameters, α
and β, embedded within the reward function (Equation 4).
The process encompasses an exhaustive grid spanning 25
potential configurations, from which we sample 14 distinct
setups. These configurations are subsequently employed to
train the agent, and their efficacy is gauged using a dedi-
cated validation set. Further elaboration on this methodol-
ogy is available in Appendix E. The specific parameter con-
figuration adopted for addressing both CSP and VRPTW is
as follows: α = 2000, β = 0.3.

5.3 Comparison Evaluation
We compare our FFCG with several well-established single-
column and multiple-column selection strategies. We select
the same number of candidate columns for all column selec-
tion strategies. The candidate columns are generated as the
10 columns with the most negative reduced cost from SP.
The baseline strategies for comparison are as follows.

Single-column selection strategies:

• Greedy-S: the traditional greedy strategy that selects the
column with the most negative reduced cost at each step.

• MLCG-S: selection strategy using the learned MILP ex-
pert in (Morabit, Desaulniers, and Lodi 2021).

• RLCG-S: the RL-based single-column selection strategy
by Chi et al. (2022).

Multiple-column selection strategies:

• Greedy-M: the simple multiple-column selection strat-
egy that selects all candidate columns with the negative
reduced costs at each step.

• RLMCS-M: the RL-based multiple-column selection
strategy which selects 5 columns per iteration (Yuan,
Fang, and Song 2024).

Strategy n = 50 n = 200 n = 750 n = 1000

Greedy 117.97 351.52 511.33 664.55
RLMCS 69.37 228.37 356.67 432.50
FFCG 77.99 250.63 377.40 462.73

Table 2: Experimental results on CSP with different size n. It
reports the average number of columns added, which is only
compared between multiple-column selection strategies.

We measure 1) the average number of iterations per in-
stance, 2) the average number of columns added per in-
stance, and 3) the total runtime in seconds, which includes
GNN inference and feature computations (if applicable).
The node features of GNN are described in Appendix D.
For the single-column selections, the number of selected
columns is equal to the number of iterations. Thus, we only
compare this term for multiple-column selections.

5.4 Experimental Results
Results on CSP. We first train FFCG on CSP instances
with the roll length n = 50, 100, 200 and the number of item
types m varying from 50 to 150. Employing a curriculum
learning strategy (Narvekar et al. 2020), FFCG is trained by
feeding the instances in order of increasing difficulty. We
test FFCG and other compared methods using CSP instances
with the roll length n = 50, 200, 750, 1000. The detailed
dataset information is described in Appendix F.

The comparison results on CSP are reported in Table 1,
Table 2, and Figure 2. To illuminate the comparative per-
formance statistically, we visualize the CG-solving trajecto-
ries for all test instances with different roll lengths n. We
record the objective values of the RMP at each CG iteration
for given methods, then take the average over all instances.
Note that we normalized the objective values to be in [0, 1]
before taking the average among instances. The result shows
that FFCG outperforms the prior state-of-the-art methods.
Remarkably, despite not being directly trained on CSP in-
stances with roll lengths of 750 and 1000, FFCG demon-
strates commendable performance in such challenging sce-
narios, thereby reflecting its robust generalization capabili-
ties. Compared with Greedy-S, FFCG reduces the number
of CG iterations by 77.1% and reduces the total computing
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Figure 2: CSP: CG convergence plots for FFCG (green), Greedy-S (red), MLCG-S (blue), RLCG-S (gray), Greedy-M (orange),
and RLMCS-M (purple). The solid curves are the mean of the objective values for all instances, and the shaded area shows the
standard deviation. The x-axis shows column generation iterations, and the y-axis represents relative objective value.

Strategy #Itr Time #Col

Greedy-S 28.50 2662.07 28.50
RLCG-S 16.50 1789.98 16.50

Greedy-M 4.00 511.97 40.00
FFCG (Ours) 4.33 426.99 24.33

Table 3: Experimental results on VRPTW. It reports the av-
erage number of iterations per instance, the total runtime in
seconds, and the average number of columns added.
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Figure 3: CSP, n = 50 test instances: The suggested column
size per CG iteration for FFCG, Greedy-M, and RLMCS-M.

time by 71.4% for all test instances on average.
As shown, FFCG performs better than Greedy-M on

harder problems. Although selecting all candidate columns
reduces the number of iterations, it ends up selecting too
many redundant columns and increases the computing cost.

Results on VRPTW. The results are shown in Table 3.
Compared with the Greedy-S method, FFCG reduces the
number of CG iterations by 84.8% and the total computing
time by 84.0%. Notice that we do not compare FFCG with
MLCG and RLMCS because they do not design features for
VRPTW. The convergence plot is given in Appendix H.

5.5 Analysis
We further discuss why FFCG converges faster than other
strategies by examining the distribution of the number of
columns selected in each iteration. The cases of selecting

all or only one column represent only 30.50% of the total. In
major cases, the selection dynamically adjusts between these
two extremes. As shown in Figure 3, in the initial rounds,
FFCG selects a greater number of columns that contribute
to improving the objective function (contributory columns)
to accelerate the convergence of CG. The number of con-
tributory columns in the candidate list decreases as the CG
processes. At this stage, FFCG adjusts the number of se-
lected columns to avoid selecting redundant columns, which
would bring additional computational overhead. As the say-
ing goes, to improve is to change, to be perfect is to change
often. In this context, fixing the number of columns selected
in each round, as done in RLMCS, is not an effective strat-
egy. In contrast, FFCG dynamically adjusts the number of
suggested columns in each iteration, based on the quality of
the candidate columns and the columns in the MP.

6 Conclusion and Discussion
In this paper, we propose FFCG, a novel RL-based multiple-
column selection framework for CG. Specifically, we model
the column selection as an MDP problem. Then, we devise
a O(n2) algorithm to select a subset of candidate columns
based on the observed context. Moreover, we learn the
marginal Q-value approximator and evaluate the contribu-
tion of each column in each time slot. In our experiments on
two common benchmarks, CSP and VRPTW, we show that
FFCG converges faster both in terms of the number of iter-
ations and computing time compared to several greedy and
ML-based baselines. Our findings also indicate that dynam-
ically adjusting the suggested column size in each iteration
is a promising approach to accelerate CG convergence.

There are several limitations of our work and we leave
them for future work: (1) The reward function that we de-
signed here still depends on hyperparameters α and β, which
vary with the problem size. Further study can be done on au-
tomating the reward design to make it more suitable for the
specific problem. (2) Dual stabilization, heuristic, and meta-
heuristic methods can be used for further improvement. (3)
When the number of variables in the RMP becomes too
large, non-basic columns with the current reduced cost ex-
ceeding a given threshold may be removed. This will further
reduce the computing cost of redundant columns.

11244



Acknowledgments
The research is partially supported by National Key R&D
Program of China under Grant 2021ZD0110400, An-
hui Provincial Natural Science Foundation under Grant
2208085MF172, Innovation Program for Quantum Science
and Technology 2021ZD0302900 and China National Natu-
ral Science Foundation with No. 62132018, 62231015, “Pi-
oneer” and “Leading Goose” R&D Program of Zhejiang,
2023C01029, and 2023C01143. We also thank Sijia Zhang,
Shuli Zeng, and the anonymous reviewers for their com-
ments and helpful feedback.

References
Babaki, B.; Jena, S. D.; and Charlin, L. 2022. Neural Col-
umn Generation for Capacitated Vehicle Routing. In AAAI-
22 Workshop on Machine Learning for Operations Research
(ML4OR).
Ben Amor, H.; Desrosiers, J.; and Valério de Carvalho, J. M.
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